We deconstruct the non-supersymmetric SU (5) breaking by discrete symmetry on the space-time M 4 ×S 1 and M 4 ×S 1 /(Z 2 ×Z ′ 2 ) in the Higgs mechanism deconstruction scenario. And we explain the subtle point on how to exactly match the continuum results with the latticized results on the quotient space S 1 /Z 2 and S 1 /(Z 2 × Z ′ 2 ). We also propose an effective deconstruction scenario and discuss the gauge symmetry breaking by the discrete symmetry on theory space in this approach. As an application, we suggest the G N unification where G N is broken down to SU (3) × SU (2) × U (1) n−3 by the bifundamental link fields and the doublet-triplet splitting can be achieved.
Introduction
Grand Unified Theory (GUT) gives us a simple and elegant understanding of the quantum numbers of quarks and leptons, and the success of gauge coupling unification in the Minimal Supersymmetric Standard Model strongly supports this idea. Although the Grand Unified Theory at high energy scale has been widely accepted, there are some problems in GUT: the grand unified gauge symmetry breaking mechanism, the doublet-triplet splitting problem, and the proton decay problem, etc.
Recently, a new scenario proposed to address above questions in GUT has been discussed extensively [1, 2] . The key point is that the GUT gauge symmetry exists in 5 or higher dimensions and is broken down to the 4-dimensional N = 1 supersymmetric Standard Model like gauge symmetry for the zero modes due to the discrete symmetries in the brane neighborhoods or on the extra space manifolds, which become non-trivial constraints on the multiplets and gauge generators in GUT [2] . The attractive models have been constructed explicitly, where the supersymmetric 5-dimensional and 6-dimensional GUT models are broken down to the 4-dimensional N = 1 supersymmetric SU(3) × SU(2) × U (1) n−3 model, where n is the rank of GUT group, through the compactification on various orbifolds and manifolds. The GUT gauge symmetry breaking and doublet-triplet splitting problems have been solved neatly by the discrete symmetry projections. Other interesting phenomenology, like µ problems, gauge coupling unifications, non-supersymmetric GUT, gauge-Higgs unification, proton decay, etc, have also been discussed [1, 2] .
On the other hand, deconstrution was proposed about one year ago [3] . Deconstruction is interesting because it provides a UV completion of the higher dimensional theories. A lot of phenomenological and formal issues in deconstruction scenarios have been discussed. These include the extensions of the Standard Model, gaugino mediated supersymmetry breaking, low energy unification, GUT breaking, electroweak symmetry breaking, anomaly inflow, the description of little string theories in terms of gauge theory, a single gauge group description of extra dimensions in the large number of color limit, models with noncommutative geometry, warped background geometry, topological objects, Seiberg-Witten curves, and even the deconstruction of time and gravity, etc [4, 5, 6, 7, 8] . By the way, the arrays of gauge theories, where an infinite number of gauge theories are linked by scalars, were discussed previously [9] .
In this paper, we would like to discuss the deconstruction of gauge symmetry breaking by the discrete symmetry on extra space manifold. If we know how to deconstruct those higher dimensional theories, we can have a lot of good features in deonstruction scenarios, for example, the gauge symmetry breaking, the doublet-triplet splitting, suppressing the proton decay, the gauge-Higgs unification (In the deconstruction language, bifundamental fields and SU(2) L Higgs unification.). For simplicity, we do not consider supersymmetry. First, we consider the Higgs mechanism deconstruction scenario in which the gauge bosons obtain the masses via the VEVs of the bifundamental link Higgs fields. We shall deconstruct the non-supersymmetric SU (5) breaking by the discrete symmetry on the space-time 2 ) might not be the real deconstructions. The key point is that, the bifundamental field U i , which is the Schwinger line integral along the fifth dimension, should be considered as the gauge field A 5 . However, the mass spectrum and the 5-dimensional wave functions for the KK modes of A 5 can not match those for U i in the Higgs mechanism deconstruction scenario by counting the massless modes 3 . Therefore, we propose the effective deconstruction scenario where we add the mass term for each field by hand which comes from the latticization of the kinetic term of that field along the fifth dimension. In the effective deconstruction scenario, similar to the gauge symmetry breaking by the discrete symmetry on extra space manifold, we can define the discrete symmetry on theory space and discuss the gauge symmetry breaking. Moreover, we show that the continuum results match the effective deconstruction results exactly. As an application, we discuss the G N unification where G N is broken down to SU(3) × SU(2) × U(1) n−3 (n is the rank of group G) by the bifundamental link fields and the doublet-triplet splitting can be achieved. With the general G N unification, we wish we can solve the tough problems in the traditional 4-dimensional GUT models.
Let us explain our terminology. The exactly match between the n − th KK mode of a bulk field in the continuum case and the corresponding state in the deconstruction case means that the n−th mass eigenvalue and eigenvector of the field in the deconstruction scenario are the same as the mass and 5-dimensional wave function of the n − th KK mode of the corresponding bulk field when N >> n.
Higgs Mechanism Deconstruction of SU
In this section, we would like to deconstruct the non-supersymmetric SU(5) breaking on the space-time M 4 × S 1 by Wilson line in the Higgs mechanism deconstruction scenario. And we want to point out that one can discuss any other GUT groups similarly because the fundamental group of S 1 is Z, i. e., π 1 (
Let us consider the 5-dimensional space-time which can be factorized into a product of the ordinary 4-dimensional Minkowski space-time M 4 and the circle S 1 . The corresponding coordinates are x µ , (µ = 0, 1, 2, 3), y ≡ x 5 , and the radius for the fifth dimension is R. The gauge fields are denoted as A M (x µ , y) where M = 0, 1, 2, 3, 5. Because Z 2 ⊂ π 1 (S 1 ), we can define the Z 2 parity operator P for a generic bulk multiplet Φ(x µ , y)
where η Φ = ±1 and P 2 = 1. By the way, if the gauge group G is SU (5), for a 5-plet Φ in the fundamental representation, l Φ = 1 and m Φ = 0, and for a 24-plet Φ in the adjoint representation, l Φ = 1 and m Φ = 1.
Denoting the field φ with parity P =± by φ ± , we obtain the KK mode expansions
Now, let us discuss the SU (5) breaking. Under parity P , the gauge fields A M transform as
And we choose the following matrix representation for parity operator P , which is expressed in the adjoint representation of SU(5)
So, upon the P parity, the gauge generators T A where A=1, 2, ..., 24 for SU(5) are separated into two sets: T a are the gauge generators for the Standard Model gauge group, and Tâ are the other broken gauge generators
And the masses for A a M and Aâ M are n/R and (n + 1/2)/R, respectively. In addition, if we add a pair of Higgs 5-plets H u and H d in the bulk, then for each 5-plet, the doublet mass is n/R and the triplet mass is (n + 1/2)/R if η Hu = η H d = +1. In short, for the zero modes, the gauge group SU(5) is broken down to SU(3) × SU(2) × U(1), and we can solve the doublet-triplet splitting problem. The parities and masses of the fields in the SU(5) gauge and Higgs multiplets are given in Table 1 . 
Higgs Mechanism Deconstruction
We consider the SU(5) N +1 gauge theory with bifundamental fields U i as follows
And the low energy effective action is
where the covariant derivative is
µ and the dots represent the higher dimensional operators that are irrelevant at low energies.
The bifundamental fields U i obtain the vacuum expectation values (VEV) either from a suitable renormalizable potential or from some strong interactions. In order to obtain the deconstruction of the Wilson line gauge symmetry breaking, we choose the following VEVs for U i
Then, the (N + 1) × (N + 1) mass matrix for the Standard Model gauge boson or the column vector (A
The mass spectrum or eigenvalue is
where −N/2 ≤ n ≤ N/2 or n = 0, 1, 2, ..., N. And the corresponding n − th eigenvector is
where
Noticing that R = (N + 1)/(gv), we obtain that the n − th eigenvector matches the 5-dimensional wave function (e i ny R ) of the n − th KK mode for A a µ in the last subsection, and for n << N, the n − th mass (eigenvalue) matches the mass of the n − th KK mode for A a µ . So, they exactly match. And the mass matrix for the non-Standard Model gauge boson or the column vector (Aâ
Noticing that R = (N + 1)/(gv), we obtain that the n − th eigenvector matches the 5-dimensional wave function (e i (n+1/2)y R ) of the n − th KK mode for Aâ µ in the last subsection, and for n << N, the n − th mass (eigenvalue) matches the mass of the n − th KK mode for Aâ µ . Thus, they exactly match, and we want to emphasize that there is no massless mode for Aâ i µ . In addition, we can discuss the deconstruction of Higgs fields H u and H d . We assume that under the i − th gauge group SU (5) 
where for simplicity, we define H
. Thus, we obtain that the mass matrix for the doublet H Table 1 . And then, we solve the doublet-triplet splitting problem.
Furthermore, by counting the number of massless modes, we can prove that the bifundamental fields U i can not match the gauge fields A 5 because U i s are Higgs fields. The correct deconstruction of the A 5 fields should have 12 massless modes, but, the U i s field will have at least 12(2N + 1) massless modes that are the Goldstone bosons and give masses to the longitudinal components of massive gauge bosons.
In short, the gauge group is broken down to SU(3) × SU(2) × U(1) for the zero modes, and the deconstruction results match the continuum results except for A 5 and U i .
Higgs Mechanism Deconstruction of SU
In this section, we would like to discuss the non-supersymmetric SU(5) breaking on the space-time
. By the way, the SU(5) breaking on the space-time
Our convention is similar to that in the subsection 2.1. The orbifold
) is obtained by S 1 moduloing the following equivalent classes:
where y ′ is defined as y ′ ≡ y − πR/2. For a generic bulk multiplet Φ(x µ , y) which fills a representation of the gauge group G, we can define two parity operators P and P ′ for the Z 2 and Z ′ 2 symmetries, respectively
where η Φ = ±1 and η ′ Φ = ±1. Denoting the field φ with (P , P ′ )=(±, ±) by φ ±± , we obtain the KK mode expansions
The 4-dimensional fields φ
acquire masses 2n/R, (2n+ 1)/R, (2n+1)/R and (2n+2)/R upon the compactification. Zero modes are contained only in φ ++ fields, thus, the matter content of massless sector is smaller than that of the full 5-dimensional multiplet. Moreover, only φ ++ and φ +− fields have non-zero values at y = 0, and only φ ++ and φ −+ fields have non-zero values at y = πR/2.
Under parity P , the gauge fields A M transform as 
And under parity P ′ , the gauge field transformations are similar to those under P . We choose the following matrix representations for parity operators P and P ′ that are expressed in the adjoint representation of SU (5) 
So, under P ′ parity, the SU(5) gauge generators T A where A=1, 2, ..., 24 for SU(5) are separated into two sets: T a are the gauge generators for the Standard Model gauge group, and Tâ are the other broken gauge generators
Therefore, the masses for gauge fields A a µ , Aâ µ , A a 5 and Aâ 5 are 2n/R, (2n+1)/R, (2n + 2)/R and (2n + 1)/R, respectively. For the zero modes, the gauge group is SU(3) × SU(2) × U(1). Including the KK modes, the gauge groups at y = 0 and y = πR/2 are SU(5) and SU(3) × SU(2) × U(1), respectively.
Moreover, assuming that there exists a pair of Higgs 5-plets H u and H d in the bulk and η Hu = η H d = +1, we obtain that for each 5-plet, the doublet mass is 2n/R, and the triplet mass is (2n + 1)/R. So, we solve the doublet-triplet splitting problem. The parities and masses of the fields in the SU(5) gauge and Higgs multiplets are given in Table 2 .
Higgs Mechanism Deconstruction
We consider the SU (5) N × (SU(3) × SU(2) × U(1)) gauge theory with bifundamental fields U i (i = 0, 1, ..., N − 1), U c and U w as follows
This kind of models has been discussed recently in Ref [5, 7] . The low energy effective action is
And we choose the following VEVs for U i , U c and U w
The (N + 1) × (N + 1) mass matrix for the Standard Model gauge boson is
However, the mass spectrum and eigenvector of above mass matrix do not exactly match those of A a µ in the last subsection because of the fixed point. The subtle point is similar to that in the brane models on
where the brane tension at fixed point on the quotient space is half of that on the covering space [10] . And on the covering space S 1 , the mass matrix for the Standard Model gauge boson is similar to that in Eq. (11), then the continuum results and the deconstruction results do exactly match. In short, the n − th column eigenvector α n and eigenvalue M 2 n should satisfy the following equation
where n = 0, 1, 2, ..., N. And the corresponding n − th eigenvector is
Noticing that R = 2N/(gv), we obtain that the n − th eigenvector matches the 5-dimensional wave function (cos(2ny/R)) of the n − th KK mode for A a µ in the last subsection (φ ++ ), and for n << N, the n − th mass (eigenvalue) matches the mass of the n − th KK mode for A a µ in the last subsection. The N × N mass matrix for the non-Standard Model gauge boson is
Similarly, the mass spectrum and eigenvector of above matrix do not match those of Aâ µ in the last subsection due to the fixed point. On the covering space S 1 , the mass matrix is reducible and the irreducible mass matrix is similar to that in Eq. (50). Thus, the continuum results and the deconstruction results do exactly match on the covering space S 1 . In short, the n − th eigenvector α n and eigenvalue M 2 n should satisfy the following equation
where j = 0, 1, 2, ..., N − 1. The mass spectrum or eigenvalue is
where n = 0, 1, 2, ..., N − 1. And the corresponding n − th eigenvector is
Noticing that R = 2N/(gv), we obtain that the n − th eigenvector matches the 5-dimensional wave function (cos((2n + 1)y/R)) of the n − th KK mode for Aâ µ in the last subsection (φ +− ), and for n << N, the n − th mass (eigenvalue) matches the mass of the n − th KK mode for Aâ µ in the last subsection. In addition, we would like to discuss the deconstruction of 5-dimensional fields φ −+ and φ −− because we will have this kind of field expansions when we discuss the effective deconstruction scenario in the next section. So, let us give the mass matrix, eigenvalues and eigenvectors here.
The N × N mass matrix for the deconstruction of 5-dimensional field φ −+ is
The (N − 1) × (N − 1) mass matrix for the deconstruction of 5-dimensional field φ −− is
Because the field φ −− vanishes at the fixed point, we would like to emphasize that the mass spectrum and eigenvector for the physical field are the eigenvalue and eigenvector of above mass matrix. The mass spectrum or eigenvalue is
where n = 0, 1, 2, ..., N − 2. And the corresponding n − th eigenvector is
Moreover, we can discuss the deconstruction of Higgs fields H u and H d . We assume that under the i − th gauge group SU (5) 
So, we obtain that the mass matrix for the doublet H Table 2 exactly. And then, we solve the doublet-triplet splitting problem.
Furthermore, by counting the number of massless modes, we can prove that the bifundamental fields U i can not match the gauge fields A 5 because U i s are Higgs fields. The correct deconstruction of the A 5 fields should have 0 massless modes, but, the U i s field will have at least 24N massless modes that are the Goldstone bosons and give masses to the longitudinal components of massive gauge bosons.
Gauge Symmetry Breaking by the Discrete Symmetry on the Theory Space in the Effective Deconstruction Scenario
It seems to us that the Higgs mechanism deconstructions of the gauge symmetry breaking by discrete symmetry on the space-time
2 ) in the last two sections might not be the real deconstructions. The key point is that, the bifundamental field U i , which is the Schwinger line integral along the fifth dimension, should be considered as the field A 5 . However, the mass spectrum and the 5-dimensional wave function for the KK modes of A 5 can not match those for U i in the Higgs mechanism deconstruction scenario in above two sections by counting the massless modes. In order to have exact match, we propose the effective deconstruction scenario and discuss the gauge symmetry breaking by the discrete symmetry on theory space.
Before we propose the effective deconstruction scenario, let us consider the 5-dimensional SU(5) theory with a pair of Higgs 5-plets H u and H d on the space-time M 4 × S 1 . If we latticized the fifth dimension with N + 1 sites, we obtain the following mass terms for the fields A 
where the subscript M denotes 0, 1, 2, 3, 5 (µ and 5), Γ is a 5 × 5 matrix and is a generator of Z n group, which is a subgroup of π 1 (S 1 ) = Z, i. e., Γ n = 1. Of course, there exist some other terms, but we are not interested in them here. It is not hard for one to prove that the 5-dimensional SU(5) gauge theory on M 4 × S 1 is equivalent to the 4-dimensional SU (5) N +1 gauge theory with above effective potential and other terms in the large N limit, i. e., N → +∞. In addition, we would like to point out that the SU (5) N +1 gauge theory with above effective potential preserve only the SU(5)/Γ gauge symmetry, where the gauge group SU(5)/Γ is the commutant of Γ in SU(5), mathematically speaking,
Of course, the Lagrangian is not SU (5) N +1 gauge invariant, and then, the theory is non-renormalizable. However, this latticized theory is correct because from the point of view of 4-dimensional effective theory, the 5-dimensional SU(5) gauge theory on M 4 × S 1 preserve only the SU(5)/Γ gauge symmetry for the zero modes, the gauge symmetries for the non-zero KK modes of 5-dimensional gauge fields are completely broken, and the 5-dimensional theory is non-renormalizable.
Therefore, we can consider the SU (5) N +1 gauge theory where in particular the gauge fields A 5 or the corresponding link fields U i do not have the VEVs, and we introduce above effective potential for the mass terms by hand. In this approach, we can consider the discrete symmetry on theory space and discuss the gauge symmetry breaking. Moreover, the continuum results exactly match the deconstruction results. Because we add the mass terms by hand and our theory is an effective theory, we call this deconstruction scenario as effective deconstruction scenario. However, we would like to emphasize that the effective deconstruction scenario is the non-renormalizable theory, and how to construct a renomalizable effective deconstruction scenario deserves further study and is out of the scope of this paper.
Deconstruction of SU (5) Breaking on M

4
×S
by Wilson Line
Considering the SU (5) N +1 gauge theory with bifundamental link fields U i given in Eq. (7) 
and η Hu = η H d = +1. So, we obtain that the parities of all the fields are the same as those in the subsection 2.1 (see Table 1 ), and the deconstruction results exactly match the continuum results.
Deconstruction of SU
We consider the SU(5) 4N gauge theory with bifundamental fields U i as follows
On the theory space, there are 4N sites and 4N bifundamental link fields. And we would like to add one pair of Higgs 5-plets H Moreover, we introduce the following effective potential for the mass terms
So, the mass matrix for each field is similar to that in Eq. (11) . Now, let us discuss the discrete symmetries on the theory space. We define that i ′ ≡ i + 3N for 0 ≤ i < N and i
symmetries on theory space are defined by the following equivalent classes
For a generic multiplet Φ i (x µ ) (i = 0, 1, 2, ..., 4N) which fills a representation of the gauge group SU (5) i , we can define two parity operators P and P ′ for the Z 2 and Z ′ 2 symmetries, respectively
where η Φ = ±1 and η ′ Φ = ±1. Denoting the physical fieldφ with (P , P ′ )=(±, ±) byφ ±± , we obtained the physical fieldsφ
The physical fieldsφ
) and
), respectively, where n = 0, 1, 2, ..., 2N − 1. In the large N limit, or N → +∞ or n << N, the physical fields
acquire masses 2n/R, (2n + 1)/R, (2n + 1)/R and (2n + 2)/R, respectively. Therefore, the deconstruction results exactly match the continuum results. In addition, zero modes are contained only inφ (2n) ++ fields, thus, the matter content of massless sector is smaller than that of the full multiplets in the theory. Moreover, onlyφ 
And under parity P ′ , the gauge field and Higgs field transformations are similar to those under P .
We choose the following matrix representations for parity operators P and P ′ that are expressed in the adjoint representation of SU(5)
and then, we obtain that the parities of all the fields are the same as those in the subsection 3.1 (see Table 2 ), and the deconstruction results exactly match the continuum results.
G
N
Unification
G N unification has been discussed previously where each gauge group G is broken by the Higgs fields in its adjoint representation [11] , or the gauge group G N is broken by introducing more than one link Higgs field between the first two sites recently [6] . The doublet-triplet splitting are also considered in the deconstruction of SU (5) on the disc D 2 [8] . In this section, we would like to briefly discuss the G N unification where G N is broken down to SU(3) × SU(2) × U(1) n−3 by the bifundamental link fields in which n is the rank of group G. We shall discuss the scenario with G = SU(5) as an example, and similarly, one can discuss the scenario with G = SU(6), SO(10), E 6 , etc, for π 1 (S 1 ) = Z [2] . The discussions for the doublet-triplet splitting are primitive here, and the natural solution to the doublet-triplet splitting problem in a supersymmetric scenario will be presented elsewhere [12] .
SU
The set-up is similar to that in the subsection 2.2 for N = 1. We choose the VEVs of U 0 and U 1 as
The mass matrix for the Standard Model gauge boson is 
we obtain that the mass matrix for the doublet H The possible interesting model is that we put three 5-plets (5) fermions under SU(5) 0 , and three 10-plets (10) fermions under SU (5) 1 . Then, the proton decay is suppressed at least at one loop level. Of course, there might exist anomaly in the model. One way to avoid anomaly is that, we consider supersymmetry and three link fields that are in the fundamental and anti-fundamental representations of SU(5) 0 and SU (5) 1 , respectively. match the continuum results with the latticized results on the quotient space S 1 /Z 2 and S 1 /(Z 2 × Z ′ 2 ). Because it seems to us that the Higgs mechanism deconstruction scenario might not be the real deconstruction, we propose the effective deconstruction scenario and discuss the gauge symmetry breaking by the discrete symmetry on theory space in this approach. However, for simplicity, we do not consider supersymmetry and only discuss GUT group SU (5) . So, it is interesting to consider supersymmetry and discuss other GUT breaking, for instance, SU(6), SO(10) , and E 6 , etc. Moreover, we can study the deconstruction of the extra space manifolds like the two-torus T 2 , the disc D 2 and the annulus A 2 , and discuss the general gauge symmetry and supersymmetry breaking by the discrete symmetry on the general theory space in the effective deconstruction scenario. It seems to us that we will have the link fields and Higgs unification, suppress the proton decay by R-symmetry, solve the doublet-triplet splitting problem and µ problem.
As an application, we suggest the G N unification where G N is broken down to SU(3) × SU(2) × U (1) n−3 by the bifundamental link fields and the doublet-triplet splitting can be achieved. Furthermore, we can consider the general link fields, for example, (10, 10) for SU(5) 0 × SU (5) 1 . In short, with the general G N unification, we wish we can solve the tough problems in the traditional 4-dimensional GUT models.
